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Abstract. Let k be an arbitrary field of characteristic 0. It is shown that for any n > 1 
the universal enveloping algebras of the Poisson symplectic algebra P„(fc) and the Weyl 
algebra An{k) are isomorphic and the canonical isomorphism between them easily leads 
^ ■ to the Moyal product. A basis of the universal enveloping algebra P"^ of a free Poisson 

, algebra P = k{xi, . . . , x„} is constructed and proved that the left dependency of a finite 

number of elements of over P^ is algorithmically recognizable. We prove that if two 
^ ', elements of a free Poisson algebra do not generate a free two generated subalgebra then 

[JLh ' they commute. The Fox derivatives on free Poisson algebras are defined and it is proved 

I that an analogue of the Jacobian Conjecture for two generated free Poisson algebras is 

equivalent to the two-dimensional classical Jacobian Conjecture. A new proof of the 
. tameness of automorphisms of two generated free Poisson algebras is also given. 
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1. Introduction 



> 

^ . The main property of the universal (multiplicative) enveloping algebra U<xh.{A) of an 

! algebra A in a variety of algebras Wl is that the notion of an A-bimodule in OJt is equivalent 
^ ' to the notion of a left module over the associative algebra U<si{A) (see, for example [E]). 
^ ' The universal enveloping algebra of a Poisson algebra was studied in [21]. A linear basis 
of the universal enveloping algebra is constructed in [22] for Poisson polynomial algebras, 
i.e. for Poisson brackets on the polynomial algebras k[xi, . . . ,Xn]- In general case the 
validity of an analogue of the Poincare-Birkhoff-Witt theorem is still open. 
' study the universal enveloping algebras of Poisson symplectic algebras and free 

^ ! Poisson algebras. For any Poisson algebra P denote by its universal enveloping algebra. 

Note that the universal enveloping algebra A'^ of an associative algebra A in the variety of 
associative algebras is A^kA°^ where A°^ is an anti-isomorphic copy of A (see, for example 
[351 ES])- It is proved that the universal enveloping algebras of the Poisson symplectic 
algebra P„ and the Weyl algebra An are isomorphic. The canonical isomorphism between 
Pn and A^ naturally leads to the Moyal product (Lemma |6]). 

It is well known that the universal enveloping algebras of free Lie algebras are free 
associative algebras. P.Cohn [9] proved that every left ideal of a free associative algebra 
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is a free left module. In fact, it follows from this theorem [36] that subalgebras of free Lie 
algebras are free [2H1 EH] and automorphisms of finitely generated free Lie algebras are 
tame pj. 

Let P = k{xi, . . . ,Xn} be the free Poisson algebra in the variables We 
construct a linear basis of the universal enveloping algebra P'^. Unfortunately left ideals of 
P'^ are not free left P^- modules, i.e., an analogue of Cohn's theorem [9] for free associative 
algebras is not true in this case. We prove a weaker result which says that the left 
dependency of a finite set of elements P'^ over is algorithmically recognizable. We 
prove that any two elements of a free Poisson algebra over a field of characteristic either 
generate a free Poisson algebra in two variables or commute. This result was also proved 
in [16] and an analogue of this result for free associative algebras is well known [9J. We 
prove that an analogue of the Jacobian Conjecture for two generated free Poisson algebras 
is equivalent to the two dimensional classical Jacobian Conjecture. A new proof of the 
tameness of automorphisms of two generated free Poisson algebras is also given. 

This paper is organized as follows. In Section 2 we give the definition of Poisson 
modules and universal enveloping algebras of Poisson algebras by generators and defining 
relations. We define also the universal derivations of Poisson algebras. Section 3 is 
devoted to studying the universal enveloping algebras of P„ and An. In Section 4 we 
construct a linear basis of the universal enveloping algebra P^ of the free Poisson algebra 
P = k{xi, . . . ,Xn}- We introduce a degree function on the universal enveloping algebra 
P*^ and describe its associated graded algebra grP^. In Section 5 we consider the left 
dependency of elements over P*^ and study in details the left dependency of two elements 
of a special type over gr P'^. Section 6 is devoted to studying the universal derivations and 
two generated subalgebras of free Poisson algebras. In Section 7 we give some comments 
and formulate some open problems. 

All vector spaces are considered over an arbitrary fixed field k of characteristic 0. In 
the statements of algorithmic character we assume that k is constructive. 

2. Universal enveloping algebras 

Recall that a vector space P over k endowed with two bilinear operations x-y [a multi- 
plication) and {x, y} (a Poisson bracket) is called a Poisson algebra if P is a commutative 
associative algebra under x-y, P is a Lie algebra under {x, y}, and P satisfies the following 
identity (the Leibniz identity): 

{x,y-z} = {x,y}-z + y- {x, z}. 

Let P be a Poisson algebra over k. A vector space V over k is called a Poisson module 
over P (or Poisson P-module) if there are two bilinear maps 

P X V — )■ U, ((x, v) ^ X -v) 

and 

p X u — )■ y, ((x, f) H- {x,v}), 
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such that the relations 



{x ■ y) ■ V = X ■ {y ■ v), 

{{x,y},v} = {x,{y,v}} - {y,{x,v}}, 
{x ■ y,v} = y ■ {x,v} + X ■ {y, v}, 
{x,y}-v = {x,y-v}-y- {x, v} 

hold for all x,y E P and v E V. 

The first relation means that every Poisson P-module is a usual (left) module over the 
associative and commutative algebra P. Sometimes we consider P as an associative and 
commutative algebra with x ■ y and a module over this algebra will be called a module 
over the commutative algebra P. 

Let \^ be a Poisson module over a Poisson algebra P. For every x G P we denote by 
Ma- the operator of multiplication by x acting on V, i.e., M^{v) = x-v for any v eV . For 
every x E P we define also the Hamiltonian operator on V by Hx{v) = {x,v}. Then 
the Poisson module relations can be written as 

M,y = M,My, 

H^x,y} HxHy HyHxi 
Hxy = MyHx + MxHy, 

M{x,y} = HxMy - MyHx, 

respectively. 

We consider only Poisson algebras with an identity element 1 and unitary modules over 
Poisson algebras, i.e. Mi = id. 

Now we give the definition of the universal (multiplicative) enveloping algebra of 
a Poisson algebra P. Let mp = {ma\a E P} and hp = {ha\a E P} be two copies of 
the vector space P endowed with two linear isomorphisms m : P — > nip {a ^ m^) and 
h : P — > hp {a ^ ha). Then P^ is an associative algebra over k, with an identity 1, 
generated by two linear spaces mp and hp and defined by the relations 

^^xy ^T^x^^y^ 

^{x^y} h^hy hyh^., 

hxy ^T^yhx ~\~ nixhyj 
^^{^iV} hxTfiy Tfiyhx \hx^ ' 

mi = 1 

for all x,y E P. The last relation comes from our agreement to consider only unitary 
P- modules. Note that hi = 0. 

By the definition of the universal (multiplicative) enveloping algebras [13] the notion of 
a bimodule over an algebra is equivalent to the notion of a left module over its universal 
enveloping algebra. Let V be an arbitrary Poisson P-module. Then V becomes a left 
P^-module under the action 

mxV = X ■ V, hxV = {x, v}, 
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for all X G P and v G V. Conversely, if is a left P'^-module then the same formulas 
turn to a Poisson P-module. 

Corollary 1. The category of unitary Poisson modules over a Poisson algebra P and the 
category of (left) unitary modules over the universal enveloping algebra P^ are equivalent. 

The first example of a Poisson P-module is ^ = P under the actions x ■ v and 
Since 1 G P and m^l = x it follows that the mapping 

m : P — > P^ (x H-> nix) 

is an injection. Therefore we identify with x. After this identification the essential 
part of the defining relations of Pe are 

(1) h^x,y} hxhy hyhx^i 

(2) hxy = yhx + xhy, 

(3) {x,y} = hxy -yhx = [hx,y], 
for all x,y & P. From ([3]) follows that 

(4) [hx,y] = [x,hy]. 

Let Qp he the left ideal of P'^ generated by all where x G P. Consider the mapping 

A : P — >Qp (x hx). 

It follows from ([T]) and ([2]) that A is a derivation of the Poisson algebra P with coefficients 
on the Poisson P-module Qp. 

Lemma 1. A is the universal derivation of the Poisson algebra P and Qp is the universal 
differential module of P. 

Proof. Recall that by the definition it means (see, for example [35|[36]) that for any Pois- 
son P-module V and for any derivation d : P ^ V there exists a unique homomorphism 
T : flp ^ V of Poisson P-modules such that d = tA. 

We follow the construction of the universal differential modules by generators and 
defining relations (see, for example [H]). Let P be a copy of the vector space P. Consider 
the left P'^-module V = P'^®P. Denote by : P — )■ the mapping defined by 0(x) = l®x 
for all X G P. Let W he a, submodule of V generated hy all hx ®y — hy ®x — \ ® {x, y} 
and y®x + x®y — l® ley., where x,y e P. Put M = V/W and denote hy ijj : V ^ M the 
natural homomorphism. It is well known that [SI E51 ES] the mapping D = ipip : P ^ M 
is the universal derivation and M is the universal differential module of P. 

Since \^ is a P'^-module freely generated by the vector space P there exists a P'^-module 
homomorphism rj : V ^ Qp such that rjix) = hx for all x G P. It follows from ([T]) and ([2]) 
that W C Kerrj. Consequently, r] induces the homomorphism 6 : M ^ Qp. Note that 
from ([I])-® it follows that fip is a P'^-module generated by symbols hx and defined by 
relations ([1]) and ([2]). Consequently, 6 is an isomorphism. □ 
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3. Universal enveloping algebras of P„ and An 

For an integer n > 1 the Poisson symplectic algebra P„ is the usual polynomial algebra 
k[xi, . . . ,Xn,yi, ■ ■ ■ ,yn] endowed with the Poisson bracket defined by 

{xi, yj} = 5ij, {x„ Xj} = 0, {yi, yj} = 0, 

where Sij is the Kronecker symbol and 1 < i, j < n. 

By An denote the Weyl algebra of index n, i.e., An is an associative algebra given by 
generators Xi, . . . , X„, Yi, . . . , F„ and defined relations 

[X„Y^] = 6,„ [X„X,] = 0, [Y„Y^] = 0, 

where 1 < i,j < n. 

Let k[zi, Z2, ■ ■ ■ , Zn] be the polynomial algebra in the variables zi, Z2, . . . , Zn- Denote 
hj V{k[zi, Z2, . . . , Zn]) the algebra of polynomial differential operators on k[zi, Z2, ■ ■ ■ , Zn]. 
Note that An is isomorphic to V{k[zi, Z2, Zn]): 

Yi h-)- Zi, Xih^ di = 7^-, 1 > i > n. 

OZi 

The statement of the next lemma was also mentioned in [2T] . 

Lemma 2. ~ V{k[xi, . . . , a;„, . . . , ~ A2n- 

Proof. It follows directly from that is generated by Xj, yi, h^^, hy. and satisfies 

the relations 

[xi,Xj] = [xi,yj] = [yi,yj] = 0, = [hx,,hy^] 

= [hy^,hy^] = 0, [K^,y^] = {xi,yi} = 1, [hy^,x,] = {y^,Xi} = -1, 

for all 

The Weyl algebra A2n is generated by Xi, . . . , X2n, Yi, . . . , Y2n and defined by the rela- 
tions 

[Xi,Y,]=6,,, [Xi,X,] = 0, [Y,,Y,] = 0, 

where I < i,j < 2n. Consequently, there exists a surjective homomorphism (p : A2n — > 
Pn such that 

Xi Xj, Xi^n ^ yijYi t-^ hy., Yi^n ^ ^^Xi 

for all 1 < i < n. Since A2n is simple it follows that is an isomorphism. □ 

Now let A be an arbitrary associative algebra over k with an identity. Then the universal 
enveloping algebra A^ of A is A ®k A°^, where A°p is an algebra anti-isomorphic to A. 
Algebra A°^ is considered together with an anti-isomorphism ' : A — > A"^. In fact, each 
operator of the left multiplication is represented by a; ® 1 and each operator of the right 
multiplication is represented hj 1 ^ x' in A (g)^ A°^. Following the main property of 
the universal enveloping algebras (see we get that the category of associative unitary 
A-bimodules and the category of left unitary A'^-modules are equivalent. 

Note that A'^ is isomorphic to An again. An isomorphism, can be chosen, for example, 
as : A„ ^ A^P with ^{X,) = X[, ip{Y,) = -F/ for all i. Then, A^ = An <^ ^ 
An ®k An — A2n and consequently, P^ ~ A'^. We proved 
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Theorem 1. For every integer n > 1 the universal enveloping algebras of the Poisson 
symplectic algebra Pn and the Weyl algebra An are isomorphic to the Weyl algebra A2n, 
i.e. 

Corollary 2. The category of unitary Poisson modules over the Poisson symplectic alge- 
bra Pn and the category of unitary bimodules over the Weyl algebra An are equivalent. 

The notion of bimodules in the case of Poisson algebras corresponds to the notion of 
Poisson modules, as it follows from the commutativity and anti-commutativity of opera- 
tions. 

Therefore P^ is isomorphic to A'^. We use this isomorphism to get the Moyal product. 
In fact, there are many isomorphisms between A'^ and P^. We choose "the most canonical" 
one between them in the next lemma. 

Lemma 3. There exists a unique isomorphism 9 : — > P^ such that 
e{Xi ® 1) = X, + l/2h,^, 9(1 X;) = Xi - l/2h,^, 
e{Y, ®l) = y, + l/2hy^, e{l ® Y[) =y,- 

for all 1 < i < n. 

Proof. The existence of 6 follows from ([I])-©. For example, 

[9{Xi ® l),e(Yi 1)] = [x, + l/2h,^,yi + l/2hy^] 
= l/2[xi,hy^] + l/2[h^^,yi] + 1 /4 [/i^^ , /i^ J = {xi,yi} = 1, 
[9(1 ^Xi), 9(1 ® r/)] = [x, - 1/2/1,,, - l/2/i,J 
= -l/2[xi,hy^] - l/2[h^^,yi] + 1/A[h,^^, hy^ = -{xi,yi} = -1, 
[e{Xi ® 1), e{Xj ® 1)] = [xi + l/2h,^,x, + 1/2^] 
= l/2[xi, K^] + l/2[h^^,Xj\ + l/4[/i,,, ^] = 0, 

if z 7^ j. Obviously, 9 is surjective. And it is also injective since A^^ is simple. □ 

Denote by L the linear space kxi + . . . + kxn + kyi + . . . + kyn- We define a linear 
bijection 

W.Pn-^ An 

by 

W{lil2 ...lp) = ^ k{l)k{2) ■ ■ ■ ln{p) 

TT^Sp 

for all li,l2, ■ ■ ■ ,lp £ kxi + . . . + kxn + kyi + . . . + kyn. This mapping is called the 
symmetrization [T2] 

Let us introduce some notations. Let Z_|_ be the set of all nonnegative integers. For 
every a = (ii, • • • , it) ^ ^+ we put \a\ = ii + 12 + . . . + it and a\ = ii\i2l . . . ^J. If 
b = {bi,b2, . . . ,bt), where 61, 62, • • • , is a subset of commuting elements of an algebra B, 
then we put 

b" = b{'bi\..bi\ 
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We set 



r. _ ,_d_ d_ _d_. _ ,_d_ d_ d 



8x18x2'"' 8xn ' ^ 8iji dy2"'' 8yn 

^ , 8 8 8 8 , 
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dxi 8yi 8yn 

hx {hx\ 1 1 • • • 1 hxn)i {.^y\ 1 ^2/2 1 ■ ■ ■ 1 ^yn)i 

h = {hxi , • • • , hx„ , hy-^ ) • • • ) hy^ ) , 



where ^ are usual partial derivatives of P„. 
Lemma 4. If f E Pn then 



Proof. By the linearity, it is sufficient to prove the statement of the lemma only for 
elements of the form f — P, where I e kxi + . . . + kxn + kyi + . . . + A;y„. In this case 
w{f) — w{iy. Hence 

e{w{f) ® 1) = e{w{iY ® 1) = {e{w{i) ® i)y = {i + i/2hif. 

Note that / and h{l) commute. Consequently, 

»w/)»i) = t(?)^'-'>: = i:-^^''.' 

1=0 ^ ^ i=0 

Let I = aiXi + . . . + QnXn + biyi + . . . + and put c = (ai, . . . , an, 6i, . . . , The 
elements hx^^ , ■ ■ ■ , hx„ ,hy^,..., hx„ commute. Using multinomial coefficients we can write 



AeZ2_'^,|A|=i 

Note that 8^{f) = if |A| = i. Consequently, 

9{wif) ® 1) = E Z^fi'^f^^"- 

The second equality of the lemma can be proved similarly. □ 

If q; = (ii, . . . , in,ji, ■■■,jn) e Z^" then we put cti = (ii, . . . , in) e Z!|i and a2 = 
(ji, . . . , jn) £ Z" . We often write a — {ai, and put a* — (0:2, ai). 

Lemma 5. If f E Pn then 

1 ^ 



1^'/= E -^d-*(f)h^ 



for all 7 e Z?". 



Proof. Put Haif) = [ha, f] for all a, f e P and put also H = {h^^,. . . , hx„, hy^^, . . . , hyj. 
Using the relations 

= [Ki, f] + fKi, hyj = [hy., f] + fhy., 

and multinomial coefficients, we get 



Note that 



7! ' V 



for all i. Consequently, H'^{f) = (-l)!"^!^"* (/). □ 
Consider the mapping 

Lemma 6. The product 

f*wg^ Pw\Pwif)Pwi9)) 
is the Moyal product on Pn, i.e. 

f*^9=Y: b^^W (9)- 



Proof. Direct calculation gives 

9iw{f) ^ l)0{wi9) ^ 1) ^ -^^^^d'^if)hW\g)h' 

= E(E eJmSU^^'w^'^'w)"" 

1 ( 1^|"2l 1 

= E ;^'^(E = E ^i^'^f 

Consequently, 

p;.\pw{f)pM) = p-.\0{w{f) ® l)d{w{g) ®l))=f*^g 
for all /, ^ e Pn- □ 



4. Enveloping algebras of free Poisson algebras 



Let g he a Lie algebra with a linear basis Ci, 62, . . . , Cfc, . . .. The Poisson symmetric 
algebra PS{g) of g is the usual polynomial algebra k[ei, 62, . . . , Cfc, . . .] endowed with the 
Poisson bracket defined by 

for all i,j, where [x,y] is the multiplication in the Lie algebra g. 

Denote by P = k{xi,X2, ■ ■ ■ ,Xn} the free Poisson algebra over k in the variables 
xi,X2, ■ ■ . ,Xn- From now on let g = Lie{xi,X2, ■ ■ ■ ,Xn) be the free Lie algebra with 
free (Lie) generators Xi,X2, ■ ■ ■ ,Xn- It is well-known (see, for example [26]) that the Pois- 
son symmetric algebra PS{g) is the free Poisson algebra P = k{xi,X2, ■ ■ ■ ,Xn} in the 
variables xi,X2, ■ ■ ■ , x„. 

By deg we denote the standard degree function of the homogeneous algebra P, i.e. 
deg(xj) = 1, where 1 < i < n. Note that 

deg{/,fi'} = deg / + deg g 

if / and g are homogeneous and {/,(?} 7^ 0. By deg^. we denote the degree function on 
P with respect to Xj. If / is homogeneous with respect to each deg^.., where 1 < i < n, 
then / is called multihomogeneous. 

Let us choose a multihomogeneous linear basis 

Xi,X2, ...,Xn, [Xl,X2], [Xl,Xn], [[Xi, X2], X3], . . . 

of a free Lie algebra g and denote the elements of this basis by 

(5) 61,62, ... ,6^, 

The algebra P = k{xi,X2, ■ ■ ■ ,Xn} coincides with the polynomial algebra on the ele- 
ments Consequently, the set of all words of the form 

(6) u = e^ = e^ei!...e^, 

where < ik, 1 < k < m, and m > 0, forms a linear basis of P. The basis ([6]) is 
multihomogeneous since so is ([5]). 

Let k{xi,X2, ■ . . ,Xn,y} be the free Poisson algebra in the variables xi,X2, ■ ■ ■ ,Xn,y- 
Denote by W the set of all homogeneous of degree one with respect to y elements of 

k{xi,X2, . . .,Xn,y}. 

Theorem 2. Let P = k{xi,X2, ■ ■ ■ ,Xn} be the free Poisson algebra over a field k in the 
variables Xi,X2, . . . ,Xn and let P'^ be its universal enveloping algebra. Then the following 
statements are true: 

(i) The subalgebra A (with identity) of P^ generated by h^-^, hx2, ■ ■ ■ , h^^ is the free 
associative algebra in the variables h^^, hx^, ■ ■ ■ , hx„; 

(a) The left commutative P -module P^ is isomorphic to the left commutative P -module 
P^kA. 
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Proof. Recall that P{xi,X2, ■ ■ ■ , Xn, y} is the Poisson symmetric algebra of the free Lie 
algebra Lie{xi,X2, . . . ,Xn,y)- The elements of the form 

{xi„{xi„. . . ,{x^^,y} . . .}} = h^.^h^,^ ...h^^^iy) 

are linearly independent in the free Lie algebra Lie{xi,X2, ■ ■ ■ ,Xn,y)- Consequently, the 
elements of the form 

(7) hr hr- ... hr- 

are linearly independent in P^. 

Using it can be easily shown that every element of P*^ can be written as a linear 

combination of elements pw, where p G P and w is an element of the form ([7]). 

Let Pi be the linear basis ^ of the free Lie algebra g = Lie{xi,X2, ■ ■ ■ ,Xn)- Denote 
by B2 the set of all elements of the form wy, where w is an element of the form ([7]). Note 
that the set of elements Pi IJP2 is linearly independent. We can choose a set of elements 
P3 of degree > 2 in y such that Pi IJ P2 [J P3 is a linear basis of Lie{xi,X2, . . . ,Xn,y)- 
Then P{a;i,X2, . . . ,Xn,y} is a polynomial algebra in the set of variables Pi 
Consequently, W is a free left module over the polynomial algebra A; [Pi] and P2 is a set 
of free generators. Note that P = A; [Pi]. □ 

Corollary 3. Every nonzero element u of the universal enveloping algebra P*^ can he 
uniquely written in the form 

k 

(8) u = y^^piWj, 

i=l 

where 7^ G P for all i and Wi,W2, ■ ■ ■ ,Wk are different elements of the form 

Put < Hi < j. Let u,v be two elements of the form ([7]). Then put m < f if 
deg u < deg v or deg u = deg v and u precedes v in the lexicographical order. We can 
assume Wi < W2 < ■ ■ ■ < Wk in Then Wk is called the leading monomial of u and pk 
is called the leading coefficient of u. We will write = ldm{u) and pk = ldc{u). The 
leading term of u is defined by ldt{u) = ldc{u)ldm{u) . 

Lemma 7. If u and v are arbitrary nonzero elements of then ldc{uv) = ldc{u)ldc{v) 
and ldm{uv) = ldm{u)ldm{y) . 

Proof. Note that if u and v are two elements of the form ([8]) then to put the product 
uv into the form ([8]) again we need to use only the relations ([3]). This means that hx^ 
and y E P commutes modulo terms of smaller degrees in the variables h^^^, hx2, ■ ■ ■ , h^^. 
Consequently, we can put uv into the form ([H]) with the leading monomial ldm{u)ldm{v) 
and the leading coefficient ldc{u)ldc{y) . □ 

Now we introduce a degree function hdeg (or /i-degree function) on P^. Let u be 
an element of P*^ written in the form ([8]). Then we put hdegu = max^^idegwi and 
hdegO = —00. We say that u is homogeneous with respect to hdeg if degwi = degw2 = 
. . . = degwk- It follows directly from Lemma [6] and (|3]) that 



hdeg uv = hdeg u + hdeg v 
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for every u and v from P^, i.e., hdeg is a degree function on P^. Denote by u the highest 
homogeneous part of u with respect to hdeg. 

Denote by Ui the subset of all elements u of with hdeg u <i. Then, 

P = f/o C f/i C [/2 C . . . C f/fc C . . . , 

is a filtration of P*^, i.e., UiUj C f/j_,_j for all i, j > 0. Put also 

gr P"" = grljQ® grlJi® grU2® . . .® grUk® ■ . . , 

where grU^ = P and Ui = Ui/Ui^i for all i > 1. Denote by (pi -.Ui ^ gr Ui the natural 
projection for every i > 1 and put (fQ = id:P^P. We define also 

(9) if = {ipi}i>o : P' gr P' 

by (p{u) = ipi{u) if u E Ui\ f/j_i for every i > I and ip{u) = u if u E P. 

The multiplication of P*^ induces a multiplication on gr P^ and the graded vector space 
gr P^ becomes an algebra. 

Consider P = P ®fc A as a tensor product of associative algebras. Then P is a free 
associative algebra over P in the variables hx^, h^^-, ■ ■ ■ , h^^. 

Theorem 3. The graded algebra gr P'^ is isomorphic to B = P ®k ^■ 

Proof. By ([3]) , P is in the center of the algebra gr P^ and gr P'^ is generated by 
ip{hxj,ip{hx2), ■ ■ ■ ,f{hx^) as an algebra over P. Note that P = P (g)^ A is a free as- 
sociative algebra over P. Then there is a P-algebra homomorphism ip : B gr P"^ such 
that ip{hxi) ~ 'Pi^Xi) for all i. 

Let Tg be the space of homogeneous with respect to hdeg elements of P'^ of degree 
s > 1 and Bg be the space of homogeneous of degree s elements of B. There is an obvious 
isomorphism between the spaces Tg and Ag established by the P-module homomorphism 
in Theorem [21 Note that Ug = Ug-i + Tg, Ug/Ug-i ~ T,, ~ Bg, and V'iSs • grUg is 

an isomorphism of P-modules. Consequently, Ker (ip) = and ip is an isomorphism of 
algebras. □ 

5. The left dependency 

We use the notations of Section 4. 
Lemma 8. Let u E P'^ and hdegu = m. Then there exists v E P^ such that X'^'^^u = vX. 

Proof. By ([3]), Am = uX + ui, where ui has degree less than m. Consequently, X"'~^^u = 
wX hj induction on m. □ 

Let u and v be two elements of the form ([7]). We write ti <S f if u is a left divisor of v, 
i.e., V = tu for some t of the form ([7]). 

Definition 1. Let u and v he nonzero elements of P'^ such that ldm{u) = ldm{v). Let 
r = gcd{ldc{u) , ldc{v)) be the greatest common divisor of ldc{u) and ldc{v). Then put 

{u,v)c= {Idciy) /r)u — {ldc{u) /r)v. 

Note that (u,f)c = or ldm{{u,v)c) < ldm{u) = ldm{v). 
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Lemma 9. Let si, S2, ■ ■ ■ ,Sk be a finite set of nonzero elements of P*^. // ldm{si) and 
ldm{sj) are not comparable with respect to <ti for every i ^ j then the elements si, S2, ■ ■ ■ , Sk 
are left independent over . 

Proof. Suppose that 

k 

(10) ^M,.Sr = 0. 

r=l 

By Lemma [3, ldm{urSr) = ldm{ur)ldm{sr) for every r. Suppose that the equatfon (ITOl) is 
not trivial, i.e., at least one of the coefficients u^- is nonzero. Then, comparing the leading 
monomials of the summands, we conclude that ldm{ui)ldm{si) = ldm{uj)ldm{sj) ^ for 
some i ^ j. It is possible if and only if ldm{si) <^ ldm{sj) or ldm{si) ^ ldm{sj). This 
contradicts to the condition of the lemma. □ 

Lemma 10. Let si, S2, ■ ■ ■ , Sk be a finite set of nonzero elements of P'^. Suppose that 
ldm{si) 3> ldm{sj) and ldm{si) = t ■ ldm{sj). Put s[ = {si,Sj)c- Then the elements 
Si, S2, . . ■ ,Sk are left dependent over P^ if and only if the elements 
Si, S2, . . . , Si-i, s[, Sj+i, . . . , Sfc are left dependent over P^ . 

Proof. Consider the equation ( ITOj) . By Lemma [H there exists a number m such that 
X^Ui = ViX for every A G P and i. We choose 

A = ldc{sj)/ Hij, 

where fiij = gcd{ldc{si) , ldc{sj)) . 
Note that 

Xsi = s- + {ldc{si)/fiij)sj. 

Then (ITU]) is equivalent to 

k 

"^^VrXSr = VrXSr + ViS[ + {VjX + Vi{ldc{Si) / fiij))Sj = 0. 

r=l 

Obviously, this relation is trivial if and only if f lTOj) is trivial. □ 

Theorem 4. In the universal enveloping algebra P^ of the free Poisson algebra P = 
k{xi,X2, . . . , Xn} the left dependency of a finite system of elements is algorithmically rec- 
ognizable. 

Proof. Let Si, S2, . . . , be a finite set of nonzero elements of P^. If ldm{si) and ldm{sj) 
are not comparable with respect to <^ for every i ^ j then the elements Si, S2, . . . , are 
left independent over P^ by Lemma IHl 

If ldm{si) ^ ldm{sj) for some i ^ j then we can change Sj by s^, according to Lemma 
[TUl Note that ldm{si) > ldm{s'j). If = then the elements Si,S2,...,Sfc are left 
dependent. If 7^ then we will apply the same discussions to the new system of 
elements si, S2, . . . , Sj+i, . . . , s^. This process stabilizes after a finite number of 

steps since the set of all leading monomials is well-ordered. □ 
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Recall that i? = P A is the free associative algebra over P in the variables yi = 
hxi , 1/2 = , ■ ■ ■ ,yn = hx„ . Considering B as an algebra over P, we define a degree 
function Deg on B by Degyi = 1, where 1 <i < n. 

Denote by L the Lie subalgebra of the Lie algebra A^~^ generated by yi,y2, ■ ■ ■ ,yn- 
Then L is a free Lie algebra and yi, y2, ■ ■ ■ ,yn are free generators of L. We need the next 
purely Lie-theoretical statement. 

Lemma 11. Let f be a homogeneous nonlinear element of L such that f = fiyi + /2?/2 + 
• • • + /nZ/n (iiT'd fn^OiiT' A. Then there exists i <n — 1 such that ldm{fi) > ldm{fn)- 

Proof. Recall that a nonempty associative word u in the alphabet j/2, ...,?/„ is called 
a Lindon-Shirshov word (see, for example [7J) if for every nonempty words v and w the 
equality u = vw implies vw > wv. It is well known that if / e L then ldm{f) is a 
Lindon-Shirshov word [7]. 

Suppose that for every nonzero fi, where i < n — 1, ldm{fi) < ldm{fn), then ldm{f) = 
ldm{fn)yn = u and m is a Lindon-Shirshov word. Put v = ldm{fn), then vyn > ynV- 
Since ?/„ is the greatest symbol of the alphabet it follows that v = ynW and wyn > ynW. 
Continuing the same discussions we can get that u = y^ for some s > 2. Note that y^ is 
not a Lindon-Shirshov word. □ 

Lemma 12. Let f and g be nonzero homogeneous with respect to Deg elements of 
P ®k L P ®k A = B . If f and g are left dependent over B then Deg f = Deg g. 

Proof. Suppose that Deg f > Degg. The elements / and g are left dependent in a 
free associative algebra over P. Then there exist a nonzero A G P and a homogeneous 
of degree Deg f — Deg g element T E B such that A/ = Tg. Changing / by A/ we may 
assume that 



Every nonzero homogeneous element h E B can be represented as 

h = I5i ® ai + 132 ® a2 + . . . + ® cis 

with the least possible s, ldm{ai) < ldm{a2) < . . . < ldm{as), and ldc(ai) = ldc{a2) = 
. . . = ldc{as) = 1. We call this representation of 6 a short representation. From the 
minimality of s it follows that Pi, ^2, ■ ■ ■ , are linearly independent elements of P and 
Oi, . . . , are linearly independent elements of A. \{ h E P ®k L then we can easily 
find a short representation of h with an additional condition Oi ^ L for all i. Let 



From this representation of / we can get every other short representation of / by lin- 
ear transformations over k. Consequently, k belongs to the left ideal of A generated by 
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(11) 



f = Tg. 



/ = ai ® /i + ^2 ® /2 + • • • + ® /s, 

g = Pi nil + /32 ® m2 + . . . + l3t ^t-, 
T = -ii®Wi+-i2®W2 + ... + lr®Wr 



he short representations of /, g, T such that U^rrij G L for all i,j. Then, 




mi, m2, . . . ,mt for all i. It follows from (fTTj) that = 7r./3t and ldm{ls) = ldm{Wr)ldm{mt) . 
Consequently, 

Is = gimi + g2m2 + . . . + gtrrit 

and ldm{gi), ldm{g2), ■ ■ ■ , ldm{gt-i) < ldm{gt) = Wr- 
it follows from [32l[33] that Ig belongs to the Lie subalgebra generated by mi, m2, . . . , m^. 
We fix G Lie < zi, Z2, ■ ■ ■ , Zf > such that Ig = h{mi, 1712, . . . , mj. We may assume that h 
is homogeneous since mi, m2, . . . , m^ are homogeneous and have the same degrees. In this 
case their linear independency implies [36] their freeness in the Lie algebra L. Hence the 
left y4-submodule generated by these elements is free with the same free generators [5H]- If 
h = hiZi + h2Z2 + . . . + htZt then hi{mi,m2, . . . ,mt) = gi for all i. Put zi < Z2 < . . . < Zt. 
Note that 

ld'm{hi{mi,m2, . . . , m^)) = ldm{hi){ldm{mi) , ld'm{m2), . . . , ldm{mt)) 

since ldm{mi) < ldm{m2) < . . . < ldm{mt) and have one and the same degrees. The 
same idea gives ldm{hi) < ldm{hj) if and only if ldm{gi) < ldm{gj). Then, 

ldm{hi), ldm{h2), . . . , ldm{ht^i) < ldm{ht). 

If h is not linear then this contradicts to Lemma [TTl therefore h is linear. It is possible if 
and only if Deg T = 0, hence Deg f = Deg g. □ 

6. Universal derivations 

As before, P = k{xi, X2, ■ ■ ■ , x„} is the free Poisson algebra in the variables xi, X2, ■ ■ ■ , Xn- 
Denote by fip the left ideal of P'^ generated by h^^, h^^, . . . , /ix„- By Theorem |2], 

Qp = P'K^ © P^K^ © ... © P'h^„, 

i.e., Qp is a free left P^- module. Note that 

P' = P® Qp. 

Consider 

H -.p ^np 

such that H{p) = hp for all p E P. By Lemma [1], H is the universal derivation of P and 
Qp its universal differential module. 

Recall that a set of elements fi, f2, fk of the free Poisson algebra P is called Poisson 
free or Poisson independent if the Poisson subalgebra of P generated by these elements is 
the free Poisson algebra with free generators fi, f2, ■ ■ ■ , fk- Otherwise these elements are 
called Poisson dependent. 

Lemma 13. Let fi, f2, ■ ■ ■ , fk be arbitrary elements of the free Poisson algebra P over a 
field k of characteristic 0. // the elements fi,f2,---,fk o,re Poisson dependent then the 
elements H{fi), H{f2), . . . , H{fk) are left dependent over P'^. 
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Proof. Let F = F{zi, Z2, . ■ ■ , Zk) be a nonzero element of T = k{zi, Z2, . . . , Zk} with the 
minimal degree such that f2, . . . , fk) = 0. Suppose that 

H{F) = uiH{zi) + U2H{z2) + ... + UkH{zk) 

in Qt- We may assume that ui = ui{zi, Z2, . . . , Zk) ^ 0. Note that deg ui < deg F. 
Consequently, 

= /2, . . . , fk)) = u\H{h) + u'2H{f2) + ... + u',H{fk), 

where m- = f2, ■ ■ ■ , fk) for all i. If -u'^^ 7^ then the last equation gives a nontrivial 

dependency of i^(/2), • • • , ^^(/fc)- 

Suppose that u[ = 0. Note that Ui = t + w, where t & T and w G f^r, since 
U{T) = T ®Qt- Obviously, t{fi, f2, ■ ■ ■ , fk) e P and it easily follows from (P)-© 
that w{fi, /2, . . . , /fc) e fip. Then, f2, ■ ■ ■ , fk) = and /a, . . . , /fc) = since 

= u']^ = /2, . . . , /fc) + /2, . . . , /fc) G P © fip. If t 7^ then this contradicts to 

the minimality of deg F since deg t < deg mi < deg F. If w 7^ then, continuing the 
same discussions, we get a nontrivial dependency of H{fi), H{f2), . . . , H{fk) over P^. □ 

Theorem 5. Lei / and g be arbitrary elements of the free Poisson algebra 

P = k{xi,X2, . . . , Xn} in the variables Xi, X2, . . . ,Xn over a field k of characteristic zero. 

Then the following conditions are equivalent: 

(i) f and g are Poisson dependent; 

(a) H{f) and H{g) are left dependent over P^; 

(Hi) f and g are polynomially dependent, i.e., they are algebraically dependent in the 
polynomial algebra P; 

(iv) there exists a & P such that f,g& k[a]; 

(v) {f,g} = OtnP. 

Proof. By Lemma [T2l (i) implies (ii). The conditions (iii), (iv), and (v) are equivalent 
[IHllin]. Obviously, (iii) implies (i). 

To prove the theorem it is sufficient to show that (ii) implies (iii). Note that / = if 
and only if H{f) = 0. Suppose that {H{f), H{g)) ^ and 

uH{f) + vH{g) = Q, {u,v)^Q. 

Then obviously 

uHU)+vlm=0, iu,v)^0, 

or equivalently, 

cpiu)cpiH{f)) + v{v)^{H{g)) = 0, (v9(n), ^{v)) ^ 

in the algebra B = P ®k ^1 where ip : P^ gr P^ is the gradation mapping (jH]). So, 
ip{H{f)) and (p{H{g)) are left dependent over B. 

Let / = l{xi,X2, . . . , Xn) be an arbitrary element of the free Lie algebra 
g = Lie < Xi, X2, • • • , x„ >. Then, Hi = hi = l{h^^, h^^^ . . . , h^J by ([I]). Hence Hi = 
l{yi,y2, ■ ■ ■ ,yn) S L. For every i > 1 denote by de^ the usual partial derivation of the 
polynomial algebra P in the variables ([5]). It can be easily checked that 

H{a) = J2deAa)H{ei)ePL 

i>l 
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for every a E P. Consequently, ip{H{f)), ip{H{g)) E P <S>k L. 

So, the homogeneous nonzero elements (p{H{f)) and ip{H{g)) oi P ®k L are left de- 
pendent over B. Then Deg (p{H{f))=Deg ip{H{g)) by Lemma fTTl Recall that 5 is a 
free associative algebra over P. Hence there exists nonzero elements X, fi E P such that 
X^{H{f)) = MH{g)) or equivalently, XWU) = fiHig) and hdeg {\H{f) - ^H{g)) < 
hdegH{f) = hdegH{f). 

Using Lemma[71 it is easy to show that H{f) and XH{f)—fiH{g) are left dependent over 
P"^ again. If \H{f) — fiH{g) ^ then ip{H{f)) and (p{\H{f) — jj,H{g)) are homogeneous 
nonzero elements of P^kL left dependent over B. This contradicts to the statement of the 
Lemma [TT] since Peg Lp( XH ( f) — fiH ( a)) < Deg (p{H{f)). Consequently, XH{f)—fiH{g) = 
0. Then, 

i>l 

and hence 

xdM) - f^d^Ag) = 

for all i > 1. It is well-known (see, for example [27]) that in this case / and g are 
algebraically dependent in the polynomial algebra P. □ 

For every p E P = k{xi, X2, ■ ■ ■ , Xn} the Fox derivatives ^ (see [35], [36]) are uniquely 
defined by 

H{p) = + + ... + ^K, 1^ G P^ 

for all 1 < i < ra. For every endomorphism ip of the free Poisson algebra P we define the 
Jacobian matrix J{iIj) = [^ij] with Uij = for all 1 < i,j < It is easy to show 

[27] that J{ip) is invertible over P^ if if) is an automorphism. The reverse statement is an 
analogue of the classical Jacobian Conjecture for free Poisson algebras. 

Theorem 6. Let ip be an endomorphism of the free Poisson algebra P = k{x,y} in 
the variables x,y over a field k of characteristic 0. // Jiip) is invertible over P^ then 
i){x),i){y) G k[x,y]. 

Proof. Put ip{x) = f and ip{y) = g. Note that J{ip) is invertible over if and only 
if Qp is the free P*^ module with basis H{f) and H{g). It is sufficient to prove that 
hdeg {H{f)) = hdeg {H{g)) = 1. 

Suppose that hdeg H{f ) + hdegH{g) > 3. Note that Qp = P^H{f) + P^H{g) = 
P^hx + P^hy. Consequently, P^H{f) + P'^H{g) contains two elements and hy of h- 
degree 1. Hence there exists {u,v) ^ such that 



uE{f)^vE{g) = ^. 

As in the proof of Theorem [5l hdegH{f) = hdegH{g) and there exist ^ X, fi E P 
such that hdeg{XH{f) - fiH{g)) < hdegH{f). Put T = XH{f) - fiH{g). Note that 
hdeg H{f) + hdegT > 3. By Lemma [HI it is not difficult to find a nonzero t] E P 
such that rjhx^rjhy E P^H{f) + P^T. Again, as in the proof of Theorem [5l we get 
hdeg H{f) = hdegT. This is a contradiction. □ 
Using Jung's Theorem [15] and Theorem [6] we get 
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Corollary 4. Automorphisms of free Poisson algebras in two variables over a field of 
characteristic zero are tame. 

This is the third proof of this theorem. The first one was given in [17] by studing 
the locally nilpotent derivations and the second was given in [19] as a corollary of the 
Freiheitssatz. 

Corollary 5. The two-dimensional Jacobian Conjecture for free Poisson algebras is equiv- 
alent to the two-dimensional Jacobian Conjecture for polynomial algebras in characteristic 
zero. 

7. Comments and Problems 

In Section 3 we proved that the universal enveloping algebras of the Poisson symplectic 
algebra P„ and the Weyl algebra An are isomorphic. It is not difficult to show that this 
result is true also for fields of positive characteristic. A. Belov-Kanel and M. Kontsevich 
[1] formulated the next problem. 

Problem 1. The automorphism group of the Weyl algebra of index n is isomorphic to 
the group of polynomial symplectomorphisms of a 2n- dimensional affine space, i.e., 

AutAn ^ AutPn. 

This problem was posed in j4j for fields of characteristic zero but it makes sense in 
positive characteristic also [H [5l |30l [31] . 

Every automorphism ip of P„ can be uniquely extended to an automorphism (f* of the 
universal enveloping algebra by x ip{x), ^ h^p{x) for all x E Pn- Similarly, every 
automorphism of An can be uniquely extended to an automorphism 'ip° of the universal 
enveloping algebra by x ® 1 )• il){x) ® 1, 1 ® x' i— )■ 1 ® ipi^)' fo^' ^ ^ ^ ^n- By means 
oi if ^ (.p* and ip ip° we can identify the groups of automorphisms Aut Pn and Aut An 
with the corresponding subgroups of Aut P^ and Aut A^, respectively. By means of the 
canonical isomorphism 6 from Section 3 we can identify P^ and A^ and consider Aut Pn 
and AutAn as subgroups of Aut A2n- 

Problem 2. Is it true that AutPn and AutAn are conjugate? 

First of all it is interesting to know the answer to the question: Are Aut P„ and Aut An 
conjugate in Aut ^2^? It seems the structure of an isomorphism between Aut P„ and 
Aut An is very comphcated if it exists. 

The structure theory of Poisson algebras is not developed yet. In characteristic zero the 
universal enveloping algebras of simple Poisson symplectic algebras, the Weyl algebras, 
are also simple. 

Problem 3. Is it true that every Poisson algebra P is (Poisson) simple if and only if its 
universal enveloping algebra P*^ is simple? 

Problem 4. Describe all simple Poisson brackets on the polynomial algebra k[x,y,z] in 
three variables. 
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It is well known (see [351 [36]) that the universal enveloping algebras of free Lie algebras 
are free associative algebras and every left ideal of a free associative algebra is a free left 
module These results are closely related to [36] classical theorems on free Lie algebras: 
Subalgebras of free Lie algebras are free [23, EH] ; Automorphisms of finitely generated free 
Lie algebras are tame [S]. 

We say that the subalgebra membership problem is decidable for an algebra A if there 
is an effective procedure that defines for any element a & A and for any finitely generated 
subalgebra B of A whether a belong to B or not. Some relations between the distortion 
of subalgebras and the subalgebra membership problem were established in [2] for poly- 
nomial, free associative, and free Lie algebras. It can be easily derived from [281 EH] that 
the subalgebra membership problem is decidable for free Lie algebras. Moreover, finitely 
generated subalgebras of free Lie algebras are residually finite [32] • The subalgebra mem- 
bership problem is still open in the case of free Poisson algebras. 

Problem 5. Is the subalgebra membership problem decidable for free Poisson algebras? 

The subalgebra membership problem for free associative algebras is undecidable [M1I37]. 
In fact, if A = k{xi, . . . is a free associative algebra, then the structure of the left 
ideals of the universal enveloping algebra A'^ = A A°^ is very difficult [31]. The left 
ideal membership problem is algorithmically undecidable and the left dependency of a 
finite set of elements of A'^ is algorithmically unrecognizable [31]. The next problem is 
closely related to Problem El 

Problem 6. Is the left ideal membership problem decidable over the universal enveloping 
algebras of free Poisson algebras? 

By Theorem HI the left dependency of a finite set of elements over the universal en- 
veloping algebras of free Poisson algebras is algorithmically recognizable. This is a positive 
result in the direction of solving Problems |5l and |6l These problems are also related to 
the next problem. 

Problem 7. Is the freeness of a finite set of elements of free Poisson algebras algorith- 
mically recognizable? 

Recall that the freeness of a finite set of elements is algorithmically recognizable in the 
case of free Lie algebras (see, for example [33]) and unrecognizable in the case of free 
associative algebras [31]. In Lemma [T3l we proved that the Poisson dependency implies 
the dependency of differentials. 

Problem 8. Let fi, f2, . . . , fk be arbitrary elements of the free Poisson algebra P over a 
field k of characteristic 0. Is it true that the left dependency of H (fi) , H {f2) , . . . ,H{fk) 
over P^ imply the Poisson dependency o/ /i, /2, • • • , /fc- 

In relation with Corollary El we formulate one more question. 

Problem 9. Is the Jacobian conjecture for free Poisson algebra equivalent to the classical 
Jacobian conjecture? 

The classical Jacobian conjecture is stably equivalent to homogeneous degree 3 case 
[31 [13]. 
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Problem 10. Is the Jacobian conjecture for free Poisson algebras stably reducible to 
homogeneous degree 3 case? 

An analogue of the Jacobian Conjecture is true for free Lie algebras [231 ISH |33l HI], for 
free associative algebras [HI El], and for free nonassociative algebras [35l [39] . 
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